We have used Asymptotic Iteration Method (AIM) for obtaining the eigenvalues of the Schrödinger's equation for a deformed well problem representing trigonometric functions. By solving the problem, we have found that the Schrodinger's equation for the considered potential has quasi-exact solutions. Additionally, we have also calculated the perturbation expansion of energy eigenvalues and found very simple analytical expression of the energy. Finally, we have considered more general cases and obtained energy eigenvalues for arbitrary potential parameters.
Introduction
The solution method of the Schrödinger's equation, which is the main scope of quantum mechanics, depends upon the configuration of the system held, i.e., behavior of the potential. One of the advantages of the asymptotic iteration method (AIM), introduced in [1, 13] , is that it can be used to solve the Schrödinger's equation exactly [2, 6, 7, [14] [15] [16] or approximetly for numerous potentials [3, 4, 8, 10, 11, 17] .
AIM can also be used in the framework of perturbation theory. In common perturbation theory, eigenfunctions of unperturbed hamiltonian (i.e. exact solvable part) is required to construct the perturbation expansion for energy eigenvalues and eigenfunctions. Furthermore, it is big challenging even for third or fourth-order of approximation in some cases. The advantage of the perturbation method using AIM is that the coefficients in perturbation expansion can be calculated directly without any need to eigenfunctions of unperturbed hamiltonian [5, [9] [10] [11] [12] .
We use the AIM to find out both the quasi-exact and approximate (numeric) solutions of the Schrödinger's equation for a deformed well problem representing trigonometric functions in the present work. The AIM is summarized in section II. We find out the eigenvalues of Schrödinger's equation approximately and quasi-exactly in section III for a potential defined by
where A and B are coefficients and γ ranges over (0, ∞). In section IV, we apply perturbation method for this kind of potential , just after, summarizing the perturbation theory in the framework of AIM.
The Asymptotic Iteration Method (AIM)
Although the asymptotic iteration method has been introduced comprehensively in [1] , we outline this method in this section according to organization of the paper. The AIM can be used to solve second-order homogeneous linear differential equations of the form
where λ 0 and s 0 have continuous derivatives in the defined interval of the x independent variable. According to asymptotic aspect of the method, if we have
for sufficient large n > 0. The general solution of Eq.2 is obtained as
where
Eigenvalues, E, of the Schrödinger's equation are obtained using the following termination condition by means of Eq.3
where the eigenvalues of n energy levels are obtained by Eq.6 with n iterations, if the problem is analytically solvable (exact solution). In this case, eigenvalues and eigenfunctions can be determined in explicit algebraic form in AIM. Furthermore, there are limited number of suitable potentials for this case.
In exact solvable problem, condition δ n = 0 is satisfied at every x point in the defined interval since δ n is independent from x . The (unknown) E values are determined from the n roots of condition δ n = 0. In case of approximation, δ n depends on both x and E . So, we have to determine a x = x 0 initial value for solving δ n = 0 with respect to E. As this initial x 0 value may be found from the minimum value of the potential may also bounded domain of the eigenvalue problem [3, 11] .
AIM for the Problem
We have considered a deformed well problem representing trigonometric functions as below
where A, B and γ are the potential parameters. γ is defined in the interval [0, ∞) . If we substitute V (x) in the Schrödinger's equation, we have
where unnormalized eigenfunction Ψ(x) ∈ L 2 (0, π). We may assume that Ψ(x) takes the form
with this choice, Ψ(x) vanishes at x = 0 and x = π. Once we substitute above equation in Eq.7
is obtained. If we change the variable such as Cos(x) = y in Eq.9 which yields
where ω = E − (γ + 1) 2 , ξ = A + 2σB and 2σ = 2γ + 3. The last equation is in form of Eq.2 for which AIM can be used. We obtain the (unkown) E energy eigenvalues by using AIM.
Quasi-Exact Solutions of the Problem
We have obtained Eq.10 for using the AIM for determining the E eigenvalues of Eq.7.
Our calculations show that the problem has quasi-exact solution under some special conditions on the potential parameters. AIM gives us that if ξ = −2nB with n = 0, 1, 2, 3, ... the energy eigenvalues can be obtained exactly. We will give first two results analytically because of the complecity of the calculations, but we will give more numerical results in Table. 1. Using ξ = −2nB and ξ = A + 2σB together, we get the following
For n = 0, we get ω = 0 and E 00 = (γ + 1) 2 . For n = 1, we get ω = σ ∓ √ σ 2 + 4B 2 and the energies can be obtained as follows
Numerically calculated eigenvalues for B = 1 and σ = 4.5 can be found in Table. 1. Table 1 . Numerically calculated eigenvalues for B = 1 and σ = 4.5 for n = 0 to 5 by using ξ = −2nB. k is sub-level for each n level and k=0, 1, 2, ..., n. 
Approximately Determination of the Eigenvalues
In this case, we have determined the eigenvalues for arbitrary A, B and γ values. Calculated eigenvalues (E direct ) of n = 0 to 5 are given in Table. 2 in which A, B and γ (in As is seen from Table. 2, energy eigenvalues act as ∼ (n + γ + 1) 2 .
Perturbation Theory within the frame of AIM
Although the usage of perturbation method within AIM is introduced in [9] comprehensively, we give a summary about the application method in this section. Assume that the potential of a system is written in a form of
where V 0 (x) is solvable (or unperturbed hamiltonian) potential. V p (x) and µ are potential of the perturbed hamiltonian and perturbation expansion parameter, respectively. So, the Schrödinger's equation reads
where E n eigenvalues are written as the expansion of j th-order correction E (j) n as follows
The form of Eq.2 can be yielded by a substitution of (in general form) ψ(x) = ψ 0 (x)f (x) in Eq.15. So, one can obtain the following equation for f (x)
The termination condition, Eq.6, is written as
Once δ n (x, µ, E) is expanded about µ = 0, we obtain
. The condition of
can be obtained by means of Eq.19 for each k. According to the perturbation method in the framework of AIM, solving the equation δ n (x, 0, E) = 0 with respect to (unknown) E gives E
n (eigenvalues of unperturbed hamiltonian), equation δ
n (x, E) gives E
n (second-order correction to E n ) and so on. The eigenfunctions can also be found with similar manner. This is an attractive feature of the AIM usage in the perturbation theory for obtaining the eigenfunctions f n (x) given as follows
where α n (t, µ) ≡ s n (t, µ)/λ n (t, µ). α n (t, µ) is expanded about µ = 0 in a similar manner of obtaining the eigenvalues. So,
where α
. Thus, perturbation expansion of the f n(x) is written as follows
where k th-order correction f
Perturbation Theory for the Potential Function in the frame of AIM
In section III, we have obtained the eigenvalue equation in the appropriate form for AIM usage as follows
where ω = E − (γ + 1) 2 , ξ = A + 2σB and 2σ = 2γ + 3. A and B parameters of the potential V (x), given by Eq.1, was linked to eachother via Eq.11. Suppose that A = 2aB, in this case ξ = 2(a + σ)B and the differential equation can be written as
Now, B can be taken as perturbation expansion parameter. We can expand ω as below
In this expansion the general form of zeroth-order correction ω
n is obtained via,
as mentioned previously. The obtained few values of ω
n are 0 , 2σ, 2 + 4σ, 6 + 6σ, 12 + 8σ, 20 + 10σ, respectively. One can easily write general formula for ω (0) n as below
The first-order correction to ω n is generalized in the similar manner, and it is found that ω
n ) = 0. The second-order correction to ω n is generalized as
If Eq.29 and Eq.30 are substituted in Eq.27 one can obtain
where we use a = A 2B substituted in Eq.30 as well. From ω n = E n − (γ + 1) 2 , we get E p n (perturbed energy) approximately as follows
Numeric results are given in Table. 3 in which E p n , given in Eq.33, was used for n = 0 to 5, and in Table. 4 for n = 0 to 10. The comparison of E p n with numerically calculated eigenvalues E direct for arbitrary A, B and γ is also given in Table. 3 and Table. 4. The values written as subscript represent the iteration numbers in both tables. Table 3 . Comparison of eigenvalues of perturbed hamiltonian E p n with numerically ones E direct for A = 2, B = 2 and γ = 4 for n = 0 to 5. Table 4 . Comparison of the eigenvalues of perturbed hamiltonian E p n with numerically ones E direct for A = 2, B = 1 and γ = 0.0019 for n = 0 to 10. It can be seen from Table. 3 that numerically calculated eigenvalues E direct are consistent with the ones of perturbed hamiltonian E p n . Also, they are more consistent as the energy level n increases, and the values of E direct converge more slowly with increasing n. All these comments apply to Table.4 as well. Futhermore, the eigenvalues act as ∼ (n+γ+1) 2 while ω n ≈ n(n + 2) in Table. 4.
In Table. 5, values of E direct and E p n are inconsonant by selecting A = B = 5 and γ = 0.5. 
Conclusion
We have used AIM for solving Schrödinger's equation for a deformed well problem representing trigonometric function. In this study, we have applied AIM to quasi-exact solvable eigenvalue problem for obtaining the energy eigenvalues and seen that each energy level n has a sub-level k that k = 0, 1, 2, ..., n. Method has also been used to obtain the eigenvalues approximately by using arbitrary potential parameters. According to results, we can say that the energy eigenvalues behave as ∼ (n + γ + 1) 2 for larger quantum number n, as is seen in Eq.33. AIM can also be used in the framework of perturbation theory. In common perturbation theory, eigenfunctions of unperturbed hamiltonian is required to construct the perturbation expansion for energy eigenvalues and eigenfunctions. Also, determining the third or fourth-order correction to energy eigenvalues is usually quite big challenging. The advantage of the perturbation method using AIM is that the coefficients in perturbation expansion can be calculated directly without any need to eigenfunctions of unperturbed hamiltonian and any complication.
Perturbation method has also been applied to potential function held in scope of the AIM, in this study. According to results, eigenvalues of perturbed hamiltonian are consistent with those of approximately calculated ones for which arbitrary parameters of the potential have been used. However, they are inconsonant for some set of the parameters.
Although this inconsistency is true for n = 0 to 5, it tends to decrease as n increases.
Consequently, it can be said that we can make the eigenvalues tend to specific behavior by selecting appropriate potential parameters.
